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Chapter One

“Cardinality Equals Variety for
Chords” in Well-Formed Scales,
with a Note on the
Iwin Primes Conjecture

David Clampitt

1.1 Scope, Method, and Aim of Scale Theory

Researchers have, in the past several decades, used formal approaches to dia-
tonic theory in an attempt to show why the features of certain pitch collections
have had such appeal for composers.! The results relate either to what musicians
have discovered they can do with a given collection—through moves, routines,
or processes within the collection, or through manipulation of the collection
itself—or to how a given collection functions cognitively, based upon measures
of symmetry versus asymmetry, simplicity versus complexity, or information ver-
sus redundancy.’

Investigations of the first type use transformational theory and analysis. For
example, harmonic triads, and the usual pentatonic and diatonic sets, all partici-
pate in maximally smooth cycles, the starting-point for neo-Riemannian analysis.
Triads in an octatonic setting, or dominant and half-diminished seventh chords
in non-maximally smooth settings, also suggest a neo-Riemannian approach;
certain pitch-class sets in an atonal setting allow for analogous procedures using
transformational analysis.3

Investigations of the second type tend to be too general to apply to analy-
sis, but help explain the popularity of certain systems—always within particu-
lar cultural contexts, be it understood. Such explanations are by no means the
exclusive province of self-described diatonicists and other scale theorists. Carl
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Dahlhaus offers a diatonicist distinction between Guido’s hexachord, on the one
hand, and the usual pentatonic and diatonic, on the other: the latter are “sys-
tems,” the former “is not, in contrast to the heptatonic and pentatonic scales,
a self-significant system of tones,” but is “a mere auxiliary construction.” What
Dahlhaus means is that in the pentatonic and diatonic one always understands
which intervals are steps and leaps, relative to the system: “minor thirds” in the
pentatonic are always “steps,” while in the diatonic they are always “leaps,” as
opposed to the situation in the hexachord, where “the listener would have to
alternate between . . . the idea of the minor third as a ‘step’ and as a ‘leap’.”5 He
labels this an “absurd consequence.” The vehemence of Dahlhaus’s language
here must be understood within the context of a particular historical/theoreti-
cal discussion, on the development of the tonal system. But the implicit assump-
tion, that a simpler relationship between intervals and their description in terms
of scale steps provides for smoother cognitive processing, has more general
applications. Taking Dahlhaus’s observation and considering it closely (nowhere
does he expressly say that all three of these entities are generated by the perfect
fifth, though this is the case), and formulating it in mathematical terms, one is
led to the concept of a “well-formed scale,” defined by Norman Carey and myself
and discussed later in this article.

These two types of properties—we might call them “operational” and “sys-
temic’—are not entirely separable: the transformational property of the diatonic
that allows one to modulate in a maximally smooth way between fifth-related
sets, by moving a single note by a minimal distance (a chromatic semitone),
is an essential aspect of a fully developed tonal system. Both types of proper-
ties lend themselves to mathematical investigation, one of the hallmarks of scale
theory. The aim of the mathematical formalization and generalization of such
properties is to understand how they work and how they relate to each other:
for example, what is the relationship between the fact that a given scale admits
a generating interval, and the number and arrangement of the scale’s various
step intervals? A mathematically derived result is that in such cases step intervals
come in at most three sizes (as exemplified in the three entities—pentachordal,
hexachordal, and heptachordal—discussed by Dahlhaus).®

The subject of this paper, the property “cardinality equals variety,” to be
defined, is a systemic property that assumes that describing some musical
objects both in terms of intervals and in terms of scale steps is useful. In par-
ticular, that the number of varieties of such objects, such as chords or pitch-
class lines, matches the number of distinct constituents of these objects, is
hypothesized to be advantageous. Along the axis of information and redun-
dancy, “cardinality equals variety” entails a system that is not too exciting, not
too boring, and that has a high degree of organization. “Cardinality equals
variety” also forms the starting point for Johnson’s textbook, which attempts
to be at least a partial answer to Cohn’s call for a “new pedagogibility” in
music theory.7
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1.2 Cardinality Equals Variety for Chords

In their 1985 Journal of Music Theory article “Variety and Multiplicity in Diatonic
Systems,” Clough and Myerson showed that MP < CV for lines; that is, any
pitch-class set with Myhill’s Property (in chromatic universes of any cardinal-
ity) has cardinality equals variety for lines, and (trivially) vice versa.® The basic
notion these concepts depend upon is the distinction between generic and spe-
cific interval measures (diatonic and chromatic lengths, respectively). Generic
measure is simply the measure musicians commonly use when they take an
assumed underlying diatonic set as a ruler, and speak of “seconds” or “thirds” or
“sixths,” without regard to quality. The appropriate mathematics for discussions
of generic measure in the usual diatonic set is arithmetic mod 7. Specific mea-
sure, on the other hand, deals with the actual quality of the interval. In Clough
and Myerson’s approach, the diatonic is assumed to be embedded within a mod
12 chromatic universe; thus, specific interval measure is just the usual mod 12
measure of musical set theory. More generally, they apply generic and specific
interval measures in chromatic universes of arbitrary cardinality ¢, and in pitch-
class subsets of cardinality d < c.

Clough and Myerson also categorize unordered and ordered pitch-class sets,
i.e., chords and lines, according to the generic/specific distinction. Unlike
the practice in traditional musical set theory, however, Clough and Myerson’s
equivalence classes use transposition only, not inversion. Thus, the unordered
pitch-class subsets (chords) in the C-major diatonic set {C, D, F} and {D, F, G} are
considered to be non-equivalent, even though they map onto each other under
inversion under both mod 7 and mod 12 measures. Chord types are displayed
using interval normal form.'? The trichord {C, D, F} is a member of generic class
(124) (i.e., step, third, fifth), and specific class (257), (i.e., major second, minor
third, perfect fifth), while the trichord {D, F, G} is a member of generic class
(214) and specific class (327). The C-major subset {F, A, B}, on the other hand,
is also a member of generic class (214), but with respect to specific measure is of
type (426). As a line, the ordered set (F A B) is described generically as (2 1 4),
and specifically as (4 2 6).

A set is said to have Myhill’s Property (MP) if every non-zero generic interval
comes in two specific varieties (with “non-zero” understood to include “non-
octave equivalent”). The usual diatonic is an example of a set with MP. A set has
cardinality equals variety (CV) for lines if any line of a given generic descrip-
tion comes in k specific varieties, where k is the number of distinct pitch classes
in the line. Again, the usual diatonic is an example, as is the complementary
pentatonic. Diatonic seventh chords, for instance, come in four varieties: major,
minor, dominant, and half diminished; arpeggiated, these form four different
types of pitch-class lines. Since an interval may be construed as a two-note line, if
a set has CV for lines, it automatically has MP. Clough and Myerson proved the
non-trivial converse, that any set that has MP exhibits CV for lines.
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As Clough and Myerson pointed out, however, the situation regarding CV
for chords is more delicate. First of all, if ¢ is the cardinality of the chromatic
universe and d is that of a pitch-class subset that has MP, while CV for lines
holds for lines with d distinct pitch classes, there is clearly only one chord con-
taining all d pitch classes. In the usual diatonic, for example, the seven line
species corresponding to the generic line class (1 1 1 1 1 1 1) are the seven
diatonic modes, whereas the 7-pc chord is just the diatonic aggregate, of spe-
cific description (1 2 2 1 2 2 2). Thus, one must exclude the set as a whole
from the discussion, and say that a set exhibits CV for chords if for all integers
esuch that 1 < e< d, every chord of cardinality e of a given generic description
comes in especific varieties. In the usual diatonic and pentatonic scales, CV for
chords holds, but Clough and Myerson gave a counterexample of an MP set
where CV for chords fails. This occurred in a case where the cardinality of the
chord is not coprime with d, the cardinality of the MP set. Clough and Myerson
concluded with the following conjecture: “It seems that the best one can say is
that, if a scale has MP, then CV holds except for certain chords of cardinality
not coprime with dM"

The purpose of this essay is to determine precisely under what conditions CV
for chords holds. I will consider a slightly more general setting: while all the
MP sets in Clough and Myerson are embedded (that is, subsets of a finite chro-
matic universe), I will also consider non-embedded sets, wherein the sizes of
the constituent intervals may be incommensurable with the size of the octave
or other modular unit. For example, in the diatonic scale in Pythagorean tun-
ing or in quarter-comma mean-tone temperament, the sizes of the non-zero
intervals (those other than unison or its octave equivalents) are irrational values
if the octave itself is taken as the unit of measure. Hence, it is impossible to
express these scales as subsets of an equal division of the octave. Nonetheless, it
is still possible to invoke the generic/specific distinction, and to say that the dia-
tonic scale in either of these two tunings exhibits a slightly generalized Myhill’s
Property. To do so, we simply adopt the notion of generic measure already given,
and generalize the notion of specific measure to cover the cases of irrational
divisions of the octave.

As Carey and I have shown, sets with generalized MP are equivalent to non-
degenerate well-formed sets.'? A set is well-formed if it admits a generator, where
that generator is spanned by a constant number of scale-step intervals. For exam-
ple, the usual diatonic is generated by the perfect fifth (or perfect fourth), and
in the diatonic set, the perfect fifth is always spanned by 4 step intervals (and the
perfect fourth is always spanned by g step intervals). While it may sound tauto-
logical to say that a fifth in the diatonic set is always a fifth, that is only because
we customarily use diatonic nomenclature. If we consider the hexachord gen-
erated by perfect fifths or fourths, we see that there are some “perfect fifths”
that are spanned by 4 steps, and others that are spanned by g steps (within the
hexachord).
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Any equal division of the octave trivially satisfies the definition of a well-formed
scale: if U, is a chromatic universe of cardinality ¢, then any interval represented
by the integer & where / is coprime with ¢ will generate the whole set and will
be spanned by a constant number of steps. Setting 2= 1 and generating all ¢ ele-
ments will always work, for example. Carey and I call these degenerate well-formed
sets, and they obviously do not have MP. Hereinafter, whenever I write “well-
formed” I intend “non-degenerate well-formed,” and given the equivalence men-
tioned above, “generalized MP” may always be substituted for “well-formed.”

The results on CV for chords in well-formed sets, to be demonstrated below,
are as follows: CV for chords holds in D if and only if D is a non-degenerate well-
formed set of cardinality d where d is prime and where if D is embedded in a
chromatic universe of cardinality ¢, d < Le/2)+ 1.13 Furthermore, if d>Lc/2])+ 1,
CV fails for a chord of cardinality e= 2d — ¢, and if d is composite, CV fails for
chords of cardinality ewhere the greatest common divisor of dand eis n> 1. The
proofs of these statements are given later in this paper.

Before considering the mathematical treatment of CV for chords in general,
it may be useful to observe the situation in a concrete case, involving a familiar
musical object of small cardinality, the usual pentatonic scale.

The pentatonic case is displayed in table 1.1. For now, we are just looking
at the first three columns. The third column shows the literal unordered sub-
sets of the pentatonic scale with pitch classes C D F G A, except for the bottom
box, which gives the five different scalar orderings of the pentatonic scale (the
five “modes”). The first column displays the pentatonic genera, up to pitch-class
equivalence; the second column partitions each of the genera into species, each
of which is measured by the semitone of 12-tone equal temperament. The top
two boxes give the dyads, or two-note literal subsets: they come in two genera,
each of which contains two species. Observe that genera are given by partitions
of 5 and species by partitions of 12—this is the Clough-Regener notation intro-
duced above in the case of the usual diatonic set. Once we have checked CV
for the dyads and find that Myhill’s Property holds, we know from Clough and
Myerson’s result that CV for lines holds for the pentatonic. The rest of the table’s
first two columns verifies this for CV for chords (i.e., for unordered subsets of
cardinalities 2—4), a stronger property than CV for lines (even though there are
an infinite number of instantiations in pitch space of CV for lines).

Columns 4 and 5 use a tool from the foundations of well-formed scale theory:
the generating interval of constant span. This defining characteristic implies that
one can use the generating interval as a measure of both specific and generic
intervals. Consider again the familiar diatonic case. All specific diatonic intervals
modulo the octave may be represented by some number, positive or negative,
of perfect fifths: thus, +2 fifths (reduced by an octave) is the ascending whole
step. That is, +2 represents all directed pitch-class intervals of the type C-D, D-E,
Fi~Gt, etc. The rising semitone E-F, on the other hand, is represented in perfect
fifths measure by —5 (moving counterclockwise on the diatonic circle of fifths, if
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189—9o; common-tone, 177-78, 181,
184; consonant triads, 5, 74—76;
relative, 176—78; of sequences, 174-86,
189-91, 193—95; of transformations, 76;
of transposition operators, 180, 182,
184-89; unit-to-unit, 174, 185, 1809;
voice-leading, 4, 6, 7, 23, 107, 111, 116,
126, 174-77, 177-78, 181, 184

pedagogy, 10, 161-73

pentatonic CV, g, 11-16

Perle, George, 215, 219ng

PETEY operations, 217

phase, beacon, 86-92, 96-97, 100, 103

phase diagrams, g

pitch-class set, 4, 6, 11, 162, 224-26, 237.
See also diatonic pitch-class set;
maximally even sets

pitch-class sets, “maverick,” 295, 237-38

pitch-class subspecies, 145, 146

pitch intervals, generative behavior of, 50

pitch space: geometric representations of,
4,6

pitch-time affiliations, 6, 40—-50, 55-50,
63-64, 66—69

planar graphs, g4

Plotkin, Richard, 106n21

PR-cycles, 76-77, 98, 99

P relation, 61, 73-74, 76-77, 79, 84-86,
87, 93-94. 98, 99, 102, 115
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Prokofiev, Sergey, 3
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Quinn, Ian, 159n11

Rahn, Jay, 20, 21n2, 167

Ramanathan, N., 2

Rameau, Jean-Philippe, 108, 116

Ravel, Maurice, 70n7

Relation Definition, 72-73, 176

Reynolds, Roger, 240

rhythmic patterns, generated. See beat
class sets; open vs. closed generators

Ricci, Adam, 195n4

Riemann, Hugo, 4, 6, 23, 107-8, 116-17,
122-30; Handbuch der Harmonielehre,
127, 128, 135n42; Hiilfsmittel der
Modulation, Die, 122, 129; “Ideen zu
einer Lehre zu den Tonvorstellungen,”
127, 128-20; Klangschliissel system, 127;
Musikalische Syntaxis, 122; Skizze einer
neuen Methode der Harmonielehre, 122—23,
124, 126, 135042, 135n45; Systematik
der Harmonieschritte, 123—26, 135n44;
Vereinfachte Harmonielehre, 126

Riemann group, 74

Roeder, John, 159n11, 219n5
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R relation, 76, 115-16
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SC. See pitch-class set

scale theory, 1-3, 5, 9

Schenker, Heinrich, 196n14, 255

Schoenberg, Arnold: “Angst und Hoffen,”
69; compositional sketches, 218n1,
220n18; Piano Pieces, Op. 23, No. 3, 7;
cantus firmus, 197-98; commuting
groups in, 217-18; contextual operations,
201, 206—9, 215-18; GIS-structuring,
217; I7 transformations, 198-201,
209—-10, 219np; J-transformations,
203-5, 207, 213—16; K-transformations,
199—203, 207-8, 210-11, 213, 215-16;
L-transformations, 206—7, 210-11;
mixed operations, 209; network
modeling of, 210-11; Q-transformations,
207-9, 210-12; syncopated forms,
211-12; T7 transformations, 199—200,
203-5, 207, 212—16; T/I group, 208,
217-18; T, operations, 202, 204, 207-8,
211, 212, 217



Schritt, 28, g0, 36, 42, 45, 118, 125,
135046, 169-71, 174, 218; Dominant,
127; Ganzton, 124; Gegenganzton, 124;
Gegenkleinterz, 124; Gegenleitton, 124;
Gegenquint, 122—23, 124, 136n57;
Gegenterz, 123, 124, 135N47;
Gegentritonus, 124, 135044; Halbton,
124; klein Oberterz, 134n36; Kleinterz,
124, 125; Leit, 118-24, 125, 127,
136n50; Quint, 118-24, 128, 135n43,
135n48; Terz, 118—24, 126—-28, 135046,
136n50; Tritonus, 124, 135044

Schritt/Wechsel group, 29-24, 28-97, 41,
45—46, 74, 122, 127-28, 130, 170

Schritt/Wechsel system, 107-8, 122-23,
125-30. See also combinatoriality;
transformations; Wechsel

Schubert, Franz, 7, 74; “Morgengruss,”
220n14; Valse sentimentale, D. 7779, 7,
157-46

Schumann, Robert: Fantasiestiick, Op. 12,
No. 1, 184

Scriabin, Aleksandr, 7, 237
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2, 244n10. See also n"-order maximally
even sets

sequences: maximally parsimonious, 193;
melodic, 6, 7, 38, 45, 60; parsimonius,
174-86, 189—91, 195; quasi-periodic,
1o5n12

sequence succession operators, 188-89,
191-94

set class. See also T/ group: §—11
(consonant triads), 5, 9, 74; 5-35
(pentatonic), 5; 6-20, 76; 8—28
(octatonic), 77, 82; 9-11, 5; 9—-12
(enneatonic), 82

set classes, parsimonious, 5

set theory, diatonic, 11, 138

7-hole filter. See filter

seventh chords: cycles of, 79, 102-3;
diminished, 20-21; in non-maximally
smooth settings, 9; pitch-class lines of, 11

signature class, 145, 146

signature group, 105n8, 143, 150,
159n12

signature subspecies, 145, 146

signature transformations, 7, 147-58

Singer, Alice, 59

SLIDE operator, 182, 196n12

SM. See structure implies multiplicity

SMT. See Society for Music Theory

Society for Music Theory, g
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Soderberg, Stephen, 7

Somfai, Laszl6, 71n20

Sonata for Violin and Piano (Debussy), 7,
151, 152=53, 154-50, 157, 158

species, 138-309, 145, 146

SPIRLZ, 241—42
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$50. See sequence succession operators

starred parsimonious transformations, 102
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Steinhaus Conjecture, 21n6
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Stockhausen, Karlheinz, 221n22
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Stravinsky, Igor, 3, 7, 235-37

string, definition of, 222

stroboscopic diatonicism, 92, 98
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92, 93, 99, 100, 101

Strogatz, Steven, 72

structural representation, 7

structure implies multiplicity, 161

structure yields multiplicity, 2
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Table of Tonal Relations, 4

Terzklinge, 128

Three Gaps (or Lengths) Theorem, 21n6

T/Igroup, 7, 24, 26, 28, 33-35, 39, 45.
See also under Schoenberg, Arnold: Piano
Pieces, Op. 23, No. g

T/I invariance, 1

T/] transformations, commutability of,
4344
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Schritt/Wechsel group, 107

toggling Cohn cycle, 82

Tonnetz, 4, 75, 108—4, 107, 109, 112, 114—115,
117, 119, 126, 120-129, 146, 183

Torke, Michael, 7, 147

transformational theory, 3—7, 9

transformations, 4, 23, 75—76, 107, 108,
109, 115-116, 119, 175. See also
interval-string transformations;
neo-Riemannian theory; Schritl; seventh
chords: cycles of; signature; Wechsel; D,
119;: D™, 119; ], 4345, 172; L
(Leittonwechsel), 23, 290-30, 36, 37, 75,
76,99, 111, 119, 137; P (Parallel), 23,
20-30, 87, 75, 70, 113, 120; R
(Relative), 23, 29-30, 36, 37, 75, 70,
111, 119
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transposition/inversion group. See T/1
group

transposition operators. See also under
signature; uniform flip-flop circles: t,
(diatonic), 28, 31-32, 139-140,
142-144, 145, 150; T, (chromatic),
107, 140, 142-144, 145, 151, 154, 158,
189; [[overbar]] T, [[overbar]], 185

triadic cycles, 9, 23-24, 73-74, 88-92,
102; dominant-subdominant, 74, 75,
91, 92; mediant-submediant, 73, 74, 79,
88, 9o; relationship to parsimonious
triadic cycles, 8o; supertonic-leading
tone, 75, 76, 91, 92

triadic sequence generators, 72, 96—98,
100-101, 102, 108—9, 115-116,
119-126. See also dynamical systems
modeling; Schritt/Wechsel system; seventh
chords: cycles of; triadic cycles
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119; diatonic, 111-113, 116-118

triad of triads, 110, 112, 114, 126
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80, 92—101, 112, 131n12

tritone exception, g1

Twin Primes conjecture, 6, 19-20

Tymoczko, Dmitri, 21n2

UFFCs. See uniform flip-flop circles

unidirectional Cohn cycle, 82

uniform flip-flop circle, defined, 48

uniform flip-flop circles, 6, 24—28, 30—41,
45—46. See also flip-flop circles

uniform triadic transformation, §5-38,
174, 196n20

UTT. See uniform triadic transformation

“Variety and Multiplicity in Diatonic
Systems” (Clough and Myerson), 11

VL-parsimony. See under parsimony

VL-shift. Seevoice-leading shift

Vogler, Georg Joseph, 109

voice-leading displacement, total. See
voice-leading shift

voice-leading shift, 17678, 180-82

voice-leading studies, g

Wagner, Richard, 74

WARP, 231, 234

Weber, Gottfried, 109

Wechsel, 25, 28-37, 41, 45—46, 4718,
47n20, 121, 125, 128, 134136, 136n57,
169-171, 174, 218. See also
transformations; Doppelterz, 124, 125;
Ganzton, 124; Gegenganzlon, 124;
Gegenkleinterz, 124; Gegenleilton, 124,
125; Gegenquint, 124, 125; Gegenterz,
124; Gegentritonus, 123, 124; Kleinterz,
124; Leilton, 124, 126, 127; PS,, 28;
Quint, 124; Seiten, 122-123, 124, 125;
Terz, 122-129, 124; Tritonus, 124

Weisstein, Eric, 222

Weitzmann, Carl Friedrich, 107, 120

well-formedness, 10, 12-14, 19,
169-164

Werckmeister, 23

Wessel, David, 240

WE. See well-formedness
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Wilson, Paul, 66

Wooldridge, Marc, 163

Yellow Pages, The (Torke), 7, 147, 149

Zbikowski, Larry, 93, 103
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